















$K$ $0$ affine $K^{n}$
$W_{n}$ $W_{n}$
Lie ( ) $M$
1 affine $W_{n}$
$\ovalbox{\tt\small REJECT}=\{\sum_{i=1}^{n}f_{i}(z_{1}, \cdots, z_{n})\frac{\partial}{\partial z_{i}}$ $f_{i}(z)\in K[z_{1}, \cdots, z_{n}]\}$





(2) loop ( $=affine$ $K$ ac-Moody Lie / )
(3) Witt ( $=$ Virasoro / )





3 $\{X,H, Y\}$ $C$ affine piece
$X=z^{2} \frac{d}{dz}$ , $H=2z \frac{d}{dz}$ , $Y=- \frac{d}{dz}$
$[X, Y]=H$, $[H, X]=2X$ , $[H, Y]=-2Y$
$P^{1}(C)$ $\epsilon \mathfrak{l}_{2}(\mathbb{C})$ $SL_{2}(\mathbb{C})$
$\mathbb{P}^{1}(\mathbb{C})$ $SL_{2}(\mathbb{C})$ $\mathbb{P}^{1}(\mathbb{C})$
887 1994 180-190 180
$W_{n}$ $M=K^{n}$ $n$
$V=K^{n}$ , $P(V)=$ ( $V$ ) $=K[z_{1}, \cdots, z_{n}]$
$W_{n}$ $P(V)$ $\psi$ $(\psi, P(V))$ $W_{n}$
Weyl $GL_{n}(K)=GL(V)$ $V$ $GL(V)$
$\otimes^{m}V$ $m$ $6_{m}$
$\otimes^{m}V\simeq\bigoplus_{\lambda\in Y_{m}}\tau_{\lambda}\otimes\sigma_{\lambda}$
$(\tau_{\lambda}\in GL(V)^{\wedge}, \sigma_{\lambda}\in 6_{m}^{A})$
$Y_{m}$ $n$ $m$ Young
$\tau_{\lambda},$ $\sigma_{\lambda}$
$\lambda\in$ Y $GL(V),$ $6_{m}$
([7] $[2]$ $[3]$ ) $GL(V)$ (
) $6_{m}$
$W_{n}$ $(\psi, P(V))$ ?
$(\psi, P(V))$ $m$ $(\cdot\psi^{\otimes m}, \otimes^{m}P(V))$ $U=K^{m}$
$\otimes^{m}P(V)\simeq P(V\otimes U)$ $\otimes^{m}P(V)$ $n\cross m$
$j$ $f(z_{1}, \cdots, z_{n})\in P(V)$ 1
$\epsilon_{j}f(z_{1}, \cdots, z_{n})=1\otimes\cdots\otimes f(z)\otimes\cdots\otimes 1\in\otimes^{m}P(V)$
$\otimes^{m}P(V)$ $arrow^{\sim}$ $P(V\otimes U)=K[z$ $j|1\leq i\leq n,$ $1\leq j\leq m]$
$\epsilon_{j}f(z)$ $f(z_{1,j}, \cdots, z_{n,j})$
$W_{n}$ $\psi^{\otimes m}$
$\psi^{\otimes m}(f(z_{1}, \cdots, z_{n})\frac{\partial}{\partial z_{i}})=\sum_{J=1}^{m}f(z_{1,j}, \cdots, z_{n,j})\frac{\partial}{\partial z_{\dot{\iota},j}}$




$U$ (W $\psi^{\otimes m}(U(W_{n}))$
1.1 $U(W_{n})$ $W_{n}$ $A(V\otimes U)$ $V\otimes U$
( $=$ Weyl ) $\psi^{\otimes m}(U(W_{n}))\subset A(V\otimes U)$
$K$
1 $\leq a_{1},$ $\cdots$ , $\leq n$ $\{f_{i}(z_{1}, \cdots, z_{n})|1\leq i\leq$ $n$
A $(z(\alpha))=f_{i}(z_{1,\alpha}, \cdots, z_{n,\alpha})$
$1\leq$
$\sum_{1,\alpha_{k}\leq m}f_{1}(z(\alpha_{1}))\cdots f_{k}(z(\alpha_{k}))\frac{\partial^{k}}{\partial z_{a_{1},\alpha_{1}}\cdots\partial z_{a_{k},\alpha_{k}}}$
$W_{n}$
? $\circ$ $W_{n}$ $m$




12 $A(V\otimes U)$ $n.\cross m$ Weyl $A(V\otimes U)$
$\psi\otimes$m(W
$\Psi(U(W_{n\cross m}))$ $\psi^{\otimes m}(W_{n})$ $(\Psi,$ $P(V\otimes$
$U))$ $W_{nxm}$
REMARK. Cartan Lie $W_{n}$
$W_{n}$ $W_{n}$ $U$ (W
$A(K^{nxm})\simeq\Gamma_{alg}(K^{n\cross m}, D)$ $\psi^{\otimes m}(W_{n})$
End $P(V\otimes U)$ $\psi^{\otimes m}(W_{n})$
2
182
$P(V\otimes U)\simeq\otimes^{m}P(V)$ $6_{m}$ (
) $\psi^{\otimes m}(W_{n})$
$m$ $[m]=\{1,2, \cdots, m\}$ m $=\{\varphi:[m]arrow[m]\}$ $[m]$
( ) $9\pi_{m}$
$6_{m}$ m $[m]$
$\varphi\in$ 9 m $P(V\otimes U)$
$(\varphi f)(z_{i,j})=f(z_{i,\varphi(j)})$ $(f\in P(V\otimes U))$
$\varphi$
$\psi^{\otimes m}(W_{n})$
1.3 $[m]$ m ( ) K[ m] End $P(V\otimes U)$
$\psi\otimes$m(W
K[ m] $\subset$ $C_{m}$
$\dim C_{m}\geq m^{m}$
2 $W_{n}$ $(m\leq n$ $)$
$m$ Lie $W_{n}$ $n$ \S 1
2.1 $K[\text{ _{}m}]$ $[m]$ m $(\psi, P(V))$ $W_{n}$
$(\psi^{\otimes m}, P(V\otimes U))$ $m$
(1) $m\leq n$ End $P(V\otimes U)$ $\psi^{\otimes m}(W_{n})$ $C_{m}$ K[ m]
$K[\text{ _{}m}]=C_{m}$ , $\dim C_{m}=m^{m}$
(2) $m\leq n$ $X\in \mathcal{A}(V\otimes U)$ $m$
X K[ m] $X\in\psi^{\otimes m}(U(W_{n}))$
( 1.3 )
(1)
$(\psi^{\otimes m}, P(V\otimes U))$ cyclic
$v(z)= \prod_{=1}^{m}z_{i_{2}i}\in P(V\otimes U)$
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cyclic $m>n$
$\{f_{i}|1\leq i\leq m\}$ $n$ X $(f_{1}, f_{2}, \cdots, f_{m})$
$X(f_{1}, f_{2}, \cdots, f_{m})=\sum_{1\leq\alpha_{1},\cdots,\alpha_{m}\leq m}f_{1}(z(\alpha_{1})))\cdots f_{m}(z(\alpha_{m}))\frac{\partial^{m}}{\partial z_{1,\alpha_{1}}\cdots\partial z_{m_{J}\alpha_{m}}}$
$1.\cdot 1$ $X(f_{1}, f_{2}, \cdots, f_{m})\in\psi^{\otimes m}(U(W_{n}))$
$X(f_{1}, f_{2}, \cdots, f_{m})v(z)=f_{1}(z(1))f_{2}(z(2))\cdots f_{m}(z(m))$
$(z(j)=(z_{1,j}, z_{2_{t}j}, \cdots, z_{n,j}))$
$P(V\otimes U)$
$v(z)$ cyclic
$v(z)$ cyclic $E\in$ $z$ ) $Ev(z)$
$\psi^{\otimes m}(W_{n})$ Euler
$\sum_{j=1}^{m}z_{i,j}\frac{\partial}{\partial z_{i,j}}$ $(1\leq i\leq n)$











$\psi^{\otimes 2}(z^{k}\frac{\partial}{\partial z})f(x, y)=x^{k}\frac{\partial f}{\partial x}+y^{k}\frac{\partial f}{\partial y}$ .
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4.3 $K[x, y]$ $W_{1}$
$\{1, x, y, xy, xy(x-y)\}$ , $xy(x$ $\}$
2.1
$C_{2}$ $E\in C_{2}$
$E(xy)$ , $E(xy$( $x$ )
Euler
$x \frac{\partial}{\partial x}+y\frac{\partial}{\partial y}\in\psi^{\otimes 2}(W_{1})$
$E$ $E(xy)$ ( $x$ , 2 $y(x-y)$ ) $(x, y)$ 3
$u=xy,$ $v=xy(x$













$E_{0}(x^{k}y^{l})= \frac{lx^{k+l}+ky^{k+l}}{k+l}$ $(k,$ $l\geq 0$ , $l>0)$ , $E_{0}(1)=1$ .
$E_{0}\in \mathbb{C}_{2}$ $E_{0}\not\in K[\text{ _{}2}]$
$E_{0}$
$mC_{2}=5$ , $\mathbb{C}_{2}=K[\text{ _{}2}]\oplus KE_{0}$
185
2.1 $m>n$
$=$ (2) X $m$ (2)
$m=n=2$
$X=(z_{1,1}-z_{1,2}) \frac{\partial^{2}}{\partial z_{1,1}^{2}}\frac{\partial}{\partial z_{1,2}}+(z_{1,2}-z_{1,1})\frac{\partial}{\partial z_{1,1}}\frac{\partial^{2}}{\partial z_{1,2}^{2}}$ .
X $K[on_{2}]$ X $\not\in\psi^{\otimes 2}(U(W_{2}))$
$m$ $n$ $\mathbb{C}_{m}$
3 $W_{n}$




) (\S 4 )
\S 2 $C_{m}$ $W_{n}$ $P(V\otimes U)$
3.1 $C_{m}$ $W_{n}$ $P(V\otimes U)$
$W_{n}$ $Z$
$W_{n}($ $)= \{\sum_{=1}^{n}f_{i}(z)\frac{\partial}{\partial z_{i}}\deg f_{i}(z_{1}, \cdots, z_{n})=k+1\}$ $(k\geq-1)$
$W_{n}=\oplus_{k=-l}^{\infty}$ W










(3) $M$ $\mathfrak{n}$ $0$ $H_{0}(\mathfrak{n}, M)$
$n\geq 2$ (4), (5) (1)$-(3)$
(4) $\dim M/W_{n}(1)M<\infty$
(5) $M(k+1)=W_{n}(1)M$(
$H_{0}(\mathfrak{n}, M)\simeq M/\mathfrak{n}M$ (4),
(5) $n\geq.2$ $\mathfrak{n}$ $W_{n}(1)$ 1
3.1 3.2 $P(V\otimes U)$ $\mathfrak{n}$
$H_{0}(\mathfrak{n}, P(V\otimes U))$
$n=1$
$W_{1}$ $n$ $W_{1}^{\oplus n}$ $W_{n}$




$z^{k_{n}} \frac{d}{dz})$ $\sum_{i=1}^{n}.z^{k_{i}}\frac{\partial}{\partial z}$
$W_{1}^{\oplus n}$ $P(V\otimes U)$ $W_{n}$
$W_{1}$ $(\psi, K[z])$ $m$
$(\psi^{\otimes m}, \otimes^{m}K[z])$ $W_{1}$
$\otimes^{m}K[z]\simeq K[x_{1},$ $\cdots,$ $x_{m}]$ $W_{1}$
$K[x_{1}, \cdots, x_{m}]$
$\psi^{\otimes m}(z^{k}\frac{d}{dz})f(x)=\sum_{\dot{J}=1}x_{J}^{k}\frac{\partial}{\partial x_{J}}f(x)$ $(f(x)\in K[x_{1}, \cdots, x_{m}])$
$\mathfrak{n}=\oplus_{k=1}^{\infty}W_{1}$ ( $H_{0}(\mathfrak{n}, K[x_{1}, \cdots, x_{m}])$
$n$
3.3 $W_{n}$ End $P(V\otimes U)$ $C_{m}$
$n=1$ $H_{0}(\mathfrak{n}, K[x_{1}, \cdots, x_{m}])$
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4 Cartan
W $Q$ $K=\mathbb{C}$ $K=\mathbb{C}$
4.1 $f(x)=f(x_{1}, \cdots, x_{m})$ $m$ f( Cartan
f(
$\sum_{i=1}^{m}x_{i}\frac{\partial^{k}}{\partial x_{i}^{k}}f(x)=0$ $(k\geq 2)$ (4.1)
Cartan $\mathbb{C}[x_{1}, \cdots, x_{m}]$ 7 $=\text{ _{}m}$
([4D $\dim$ m $<\infty$
$arrow \mathfrak{n}\subset W_{1}$ Fourier
4.2 $H_{0}(\mathfrak{n}, \mathbb{C}[x_{1}, \cdots, x_{m}])\simeq H_{m}$ $H_{0}(\mathfrak{n}$ ,
$\mathbb{C}[x_{1}, \cdots, x_{m}])$ $\mathbb{C}[x_{1}, \cdots, x_{m}]$ $W_{1}$
Fourier $=-A$ $\mathbb{C}[x_{1}, \cdots, x_{m}]$
$f(x),$ $g(x)\in \mathbb{C}[x_{1}, \cdots, x_{m}]$
$(f(x), g(x))=f( \frac{\partial}{\partial x_{1}},$ $\cdots,$ $\frac{\partial}{\partial x_{m}})\overline{g(x)}_{x=0}$
Fock
$( \sum_{i=1}^{m}x_{i}^{k}\frac{\partial}{\partial x_{i}}f(x),$ $g(x))=(f(x), \sum_{i=1}^{m}x;\frac{\partial^{k}}{\partial x_{i}^{k}}g(x))$ .
$\mathcal{I}=\psi^{\otimes m}(\mathfrak{n})\mathbb{C}[x_{1}, \cdots, x_{m}]$
$\mathbb{C}[x_{1}, \cdots, x_{m}]=H_{m}\oplus \mathcal{I}$
( $\oplus$ $(\cdot,$ $\cdot)$ ) $\mathcal{I}$ m
m
$H_{0}(\mathfrak{n}, \mathbb{C}[x_{1}, \cdots, x_{m}])\simeq \mathbb{C}[x_{1}, \cdots, x_{m}]/\mathcal{I}\simeq$
$m$
(cf. [1, Chapter III]). I
m $\mathfrak{n}$ $\mathbb{C}[x_{1}, \cdots, x_{m}]$
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4.3 $m$ Cartan $\text{ _{}m}$
(1) $H_{m}$ $\mathfrak{n}$ $\mathbb{C}[x_{1}, \cdots, x_{m}]$ $\mathbb{C}[x_{1}, \cdots, x_{m}]$
$arrow$ m
(2) m $W_{1}$ $\mathbb{C}[x_{1}, \cdots, x_{m}]$
$6_{m}$
$m!$ (cf. [1, Chapter $III]$ )
Cartan
m $\mathfrak{S}_{m}$ m $\mathfrak{S}_{m}$
4
Cartan





























3 4 $(x_{1}-x_{2})x_{1}x_{2},$ $(x_{1}-x_{3})x_{1}x_{3},$ $(x_{2}-x_{3}).x_{2}x_{3},$ $x_{1}x_{2}x_{3}$
$465||$ $221|(x_{2}-x_{3})(x_{1}-x_{3})(x_{1}-x_{2})x_{1}x_{2}x_{3}(x_{1}-x_{3})(x_{1}-3x_{2}+x_{3})x_{1}x_{2}x_{3}(x-x2)(x1+x_{2}-3x_{3})x_{1}x_{2}x_{3}(x_{1}1-x2)x_{1}x_{2}x_{3},(x_{1}-x_{3})x_{1}x_{2}x_{3}$
$o4$ Cartan 4 :( $m\text{ _{}4}=65$
degree$012 3 4 5 6 7 8910$
$\dim$ $1461091196531$
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